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In this paper we show how to translate into tensorial language the Chern-Weil theorem for the
Lorentz symmetry, which equates the difference of the Euler densities of two manifolds to the exterior
derivative of a transgression form. For doing so we need to introduce an auxiliary, hybrid, manifold
whose geometry we construct explicitely. This allows us to find the vector density, constructed
out of spacetime quantities only, whose divergence is the exterior derivative of the transgression
form. As a consequence we can show how the Einstein-Hilbert, Gauss-Bonnet and, in general, the
Euler scalar densities can be written as the divergences of genuine vector densities in the critical
dimensions D = 2, 4, etc. As Lovelock gravity is a dimensional continuation of Euler densities, these
results are of relevance for Gauss-Bonnet and, in general, Lovelock gravity. Indeed, these vectors
which can be called generalized Katz vectors ensure, in particular, a well-posed Dirichlet variational
principle.
I. INTRODUCTION
It is well known that the Einstein tensor is identically zero in two dimensions and that the Gauss-Bonnet tensor is
identically zero in four dimensions. The easiest way to show this fact in tensorial language is to write these tensors a`
la Lovelock [1] using the generalized Kronecker symbol (see also [2]). These tensors being, up to specific divergences,
the variational derivatives of the Einstein-Hilbert (EH) or Gauss-Bonnet (GB) Lagrangians, a number of authors [3],
see also [4–7], have stated that the Lagrangians themselves could be written (in the critical dimensions two or four)
as divergences of some objects, since the variational derivative of a divergence is identically zero.
Now, since the EH and the GB Lagrangians are scalar densities containing second derivatives of the metric at
most, they must be divergences of vector densities containing at most first derivatives of the metric. However, it is
impossible to build a vector density out of the metric and its derivatives alone. Therefore, another ingredient must
be added. For example, in his proof [8] that the Lovelock scalar densities are indeed the divergences of true to gods
vector densities V µ, Horndeski had to introduce an arbitrary non-null contravariant vector Uµ.
One can also follow the formalism of Myers [9] to show that the Einstein and Gauss-Bonnet tensors are identically
zero in the critical dimensions by relating the corresponding EH and GB actions directly to surface terms, without
trying first to write them as the divergences of vector densities. However, it turns out that Myers surface terms are in
fact the radial components of vector densities (something which is not guaranteed a priori for any boundary term).
Indeed, as we show explicitely in Appendix A, the radial components of Horndeski’s V µ reproduce Myers’ boundary
terms in the critical dimensions, when the extra vector Uµ is chosen to be the normal to the boundary.
Now, whereas Horndeski’s proof is purely tensorial and introduces explicitely an extra vector, Myers uses the vielbein
language where the invariance under diffeomorphisms and the Lorentz symmetry are restricted to the boundary, a
fact which, as we will see below, hides the necessity of introducing an extra structure.
Our approach to show that the Lovelock scalar densities can be written as the divergences of explicit vector densities
in the critical dimensions will rely on the translation of the Chern-Weil (CW) theorem (see, e.g., [11]) for the Lorentz
symmetry, which is at the heart of Myers’ proof, into fully covariant spacetime tensorial language. The CW theorem
states that inD = 2p dimensions the difference of the Euler densities of two manifolds is equal to the exterior derivative
of a 2p− 1-form, which is called a transgression form (TF). Since this theorem involves two different manifolds, the
needed extra structure, instead of the extra vector introduced by Horndeski, will be one of the two manifolds, that
we will refer to as the background.
This translation is interesting for a number of reasons. First, it confirms that relating the Lorentz gauge invariance of
transgressions forms and the invariance under general diffeomorphisms of boundary terms in gravity theories requires
the introduction of an additional structure. Second, the divergences of the vector densities we shall construct, which
can rightly be called generalized Katz vector densities [12], when added to the dimensionally continued Lovelock
actions, guarantee that their variations with respect to the metric obey Dirichlet boundary conditions. These Katz
vectors also ensure, with a proper choice of the background manifold, that the actions are finite on shell as well
as the corresponding Noether charges. Indeed, it was shown in Ref.[13] (see also [14]), for the EGB gravity case,
2that adding the divergence of the generalized Katz vector density to the action provides simultaneously the correct
conserved charges together with a well-defined variational principle. However, not much detail was given there about
the geometrical meaning of its construction. Thus, the present work is also intended to fill this gap.
More precisely, we will show that the generalized Katz vector densities, that we shall construct with geometrical
objects associated with two manifolds M and M¯, are directly related with a transgression form constructed with
the spin connections associated with M and an auxiliary, hybrid, manifold M˘, whose geometry we shall completely
characterize.
As a consequence, we will show that if the background is chosen in such a way that the Euler density of the associated
hybrid manifold vanishes, then the Einstein-Hilbert, Gauss-Bonnet and, in general, the Lovelock Lagrangians reduce to
the divergence of a vector density constructed with spacetime tensors in the critical dimensionsD = 2, 4, etc. Moreover,
using Gauss coordinates for a radial foliation, the radial component of this vector reproduces Myers’ boundary terms.
This shows explicitely that, to relate Myers’ terms with the divergence of vector densities constructed with spacetime
quantities, an extra structure is indeed required.
This article is organized as follows. In Section II we give the main ingredients we will use, namely a brief review
about the vielbein formalism and the Chern-Weil theorem. In Section III we explain why in general it is not possible
to make a full translation of a Lorentz transgression form to tensorial language and analyze the differences between
Lorentz and spacetime tensors with respect to two different manifolds. Then, in Section IV we introduce the hybrid
manifold that allows us to obtain the tensorial version of the Chern-Weil theorem. Finally, Section V contains some
further comments.
II. PRELIMINARIES
The text-book material presented in this preliminary section is due to fix our conventions and notations.
A. Vielbein formalism: a recap
The vielbein eA = eAµ dx
µ and spin connection ωAB = ω
A
µBdx
µ, where xµ = t, r, φ1, . . . φD−2 are spacetime coordinates
and A,B = 0, . . . , D − 1 are Lorentz indices, are one-forms allowing to describe the geometry of a D-dimensional
manifold MD in a way similar to what is done in the tensorial language by means of the metric and the affine
connection
(
gµν ,Γ
λ
µν
)
. The main difference is that the vielbein formulation makes explicit reference to the local
Lorentz symmetry as an internal gauge symmetry. Denoting by eµA the inverse matrix of the vielbein components e
A
µ ,
such that eµAe
A
ν = δ
µ
ν and e
µ
Ae
B
µ = δ
B
A , the relation between both languages is given by,
ηAB = e
µ
Ae
ν
Bgµν , (2.1)
ωAµB = e
A
αe
γ
BΓ
α
µγ + e
A
α∂µe
α
B . (2.2)
The first relation (2.1) states that in each point of MD it is possible to find an invertible coordinate transformation
xµ = xµ(yA) such that the Jacobian matrix eµA = ∂x
µ/∂yA brings gµν to the Minkowski metric ηAB . Thus, the
vielbein components eAµ is the Jacobian of the inverse transformation e
A
µ = ∂y
A/∂xµ . By construction, the vielbein
eA and spin connection ωAB are invariant under coordinate transformations x
′µ = x′µ(xν), while under a local Lorentz
transformation y′A = ΛABy
B (with ΛT ηΛ = η and η being the Lorentz metric) they transform respectively as
e′A = ΛABe
B , (2.3)
ω′AB = Λ
A
CΛ
D
B ω
C
D + Λ
A
CdΛ
C
B , (2.4)
where Λ AB denotes the inverse of Λ
A
B and d is the exterior derivative. In particular, given a metric tensor gµν , the
vielbeins can be determined up to a Lorentz transformation and therefore eAµ carries the same number of independent
components as gµν .
The second relation (2.2), also known as the tetrad postulate, implies that the curvature and torsion two-forms
defined as
ΩAB ≡ dωAB + ωACωCB =
1
2
ΩABµνdx
µdxν , (2.5)
TA ≡ DeA = 1
2
TAµνdx
µdxν , with DeA = deA + ωABe
B , (2.6)
3whereD defines the Lorentz covariant derivative, are related with the Riemann and torsion tensors Rαβµν = ∂µΓ
α
βν−. . .
and T λµν = Γ
λ
µν − Γλνµ by
ΩABµν = e
A
αe
β
BR
α
βµν and T
A
µν = e
A
λ T
λ
µν . (2.7)
With this notation the Ricci scalar is given by R = gµνRµν with Rµν = R
α
µαν being the Ricci tensor. Remark that,
for shortness, we omit the wedge product between differential forms.
The manifoldMD is pseudo-Riemannian if it satisfies the metricity condition∇λgµν = 0 (here∇ stands for covariant
derivative with respect to Γ) and the torsionless condition T λµν = 0. The only connection satisfying simutaneously
these conditions is the Christoffel connection, which is completely determined by the metric and its derivatives,
Γαµγ = Γ
α
µγ (g, ∂g). Similarly, in the vielbein formalism, a pseudo-Riemannian geometry is characterized by the
conditions DηAB = 0 and T
A = 0. The first one is equivalent to assume that the spin connection is antisymmetric
(i.e., ωAB = −ωBA with ωAB = ηBCωAC) and together with the torsionless condition one is able to solve the spin
connection in terms of the vielbein and its derivatives, ωAµB = ω
A
µB (e, ∂e), the explicit expression of which will not be
needed here.
Finally, the Levi-Civita symbols εµ1...µD and εA1...AD together with ε
µ1...µD and εA1...AD are such that εµ1...µD =
−εµ1...µD and εA1...AD = −εA1...AD with the convention εtrθ1...θD−2 = ε012...D = 1. It is easy to show that under a
coordinate tranformations ǫµ1...µD and ǫ
µ1...µD transform respectively as tensorial densities of weight 1 and −1. As
for εA1...AD and ε
A1...AD they transform as tensors under local Lorentz transformations. Moreover, both are related
by
εA1...ADe
A1
µ1 · · · eADµD =
√−g εµ1...µD , (2.8)
where eAµ = ∂y
A/∂xµ .
B. Chern-Weil theorem
The Chern-Weil theorem (see, e.g., [11]) was developed in quest for a proof of the generalized Gauss-Bonnet theorem.
It is regarded a milestone towards a complete theory of characteristic classes which relates and unifies concepts in
algebraic topology and differential geometry. It is formulated in terms of fiber bundle structures, a powerful tool that
allows to build a gauge theory over a smooth manifold. Its basic ingredients are a Lie algebra with generators TM ,
a Lie valued gauge connection one-form A and its corresponding field strength F = dA + A ∧ A. It is easy to show
that 〈F p〉, where 〈 〉 stands for the symmetrized trace of the generators, is invariant under gauge transformations in
2p dimensions and thus, it is a topological term. The Chern-Weil theorem states that, given two connections A and
A¯, the topological terms constructed with their corresponding curvatures are closed forms and that the difference
〈F p〉− 〈F¯ p〉 is an exact form, i.e., is the exterior derivative of an odd-form which is known as transgression form (see
Appendix B for its general expression). In particular, a Chern-Simons form is recovered from a transgression form by
setting the second connection to zero.
In the case where the symmetry is described by the Lorentz algebra, the Euler topological term for a 2p-dimensional
pseudo-Riemannian manifold M2p (with p an integer) is defined in the vielbein formalism as
E2p (Ω) ≡ εA1...A2pΩA1A2 · · ·ΩA2p−1A2p , (2.9)
where ΩAB = ηACΩAC . This quantity is, by construction, a 2p-form invariant under local Lorentz transformations. It
is a topological term because, as stated by the Gauss-Bonnet theorem, its integral over a compact manifold is related
with the Euler characteristic χ (M2p) which describes its topology. Further details can be found, e.g., in Ref. [15].
Consider now a second pseudo-Riemannian manifold M¯2p with Lorentz connection ω¯AB, curvature Ω¯AB = dω¯AB +
ω¯AC ω¯
C
B. Using that by definition the Lorentz tensors ηAB and εA1...A2p are the same for both manifolds (because
the Minkowski tangent space is the same for each point of each manifold), we can define ω¯AB = ηBC ω¯AC and
Ω¯AB = ηBCΩ¯AC so that the Euler term in M¯2p is given by
E2p(Ω¯) = εA1...A2pΩ¯A1A2 · · · Ω¯A2p−1A2p . (2.10)
Now, the Chern-Weil (CW) theorem for the Lorentz symmetry establishes that the difference between the two topolog-
ical terms (2.9) and (2.10) is an exact form, i.e., the exterior derivative of a (2p− 1)-form T (2p−1), called transgression
form, which is completely determined by the connections ω and ω¯:
E2p (Ω)− E2p(Ω¯) = dT (2p−1) . (2.11)
4For example, for p = 1 the anstisymmetric property of the spin connections ω and ω¯ leads ΩAB = dωAB and
Ω¯AB = dω¯AB and thus, the difference of the two Euler terms E2 (Ω) = εABΩAB and E2
(
Ω¯
)
= εABΩ¯
AB is simply given
by
E2 (Ω)− E2(Ω¯) = d[T (1)(θ¯)] , with T (1)(θ¯) = εAB θ¯AB and θ¯AB ≡ ωAB − ω¯AB . (2.12)
This is the simplest realization of the Chern-Weil theorem for the Lorentz symmetry.
As reviewed in the Appendix B, for higher values of p the transgression form is given by
T (2p−1)(θ¯,Ω, Ω¯) = p
∫ 1
0
dt εA1...A2p θ¯
A1A2ΩA3A4(t) · · · Ω
A2p−1A2p
(t) , (2.13)
where ΩAB(t) = dω
AB
(t) +ω
A
(t)Cω
CB
(t) and ω
AB
(t) = ω¯
AB+ tθ¯AB is a connection which interpolates between ω¯AB and ωAB for
t ∈ [0, 1]. In Appendix B it is also shown that the interpolating curvature has the following alternative expressions,
ΩAB(t) = tΩ
AB + (1− t) Ω¯AB − t (1− t) θ¯AC θ¯CB (2.14)
= Ω¯AB + tD¯θ¯AB + t2θ¯AC θ¯
CB (2.15)
= ΩAB + (t− 1)Dθ¯AB + (t− 1)2 θ¯AC θ¯CB , (2.16)
where in the last two lines D¯ and D, which represent respectively the covariant derivatives with respect to the
connections ω¯ and ω, are related as D¯θ¯AB = Dθ¯AB − 2θ¯AC θ¯CB .
Transgression forms (TFs) have proved to be useful to deal with a number of different physical situations. Originally
used to treat the general problem of anomalies in field theory [16–18], more recent applications range from the study
of anomalies in hydrodynamics in the context of gauge/gravity duality [19] to holographic models of baryons [20].
In the context of gravity, the use of TFs is possible whenever the Lie algebra accounts for the symmetries of the
Lagrangian (e.g., Lorentz, (anti-)de Sitter, etc.). In particular, TFs have been used in a dimensionally continued
version to define a well-posed variational principle in different gravity theories: The Gibbons-Hawking-York (GHY)
boundary term [21, 22], and its generalization by Myers [9] to the case of Lovelock theories [1], that defines a Dirichlet
problem in Einstein / Lovelock gravity can be derived from a TF for the Lorentz group. In that construction, the first
connection is the spin connection associated with the dynamical spacetime, while the second one is associated with a
product manifold with precise matching conditions at the boundary [10]. Thus, when the symmetry is reduced to the
boundary, the information about the product manifold disappears and a well-defined action principle is set without
the need of an explicit background geometry (see, e.g, [15]). However, both the action and its variation are usually
divergent on shell for asymptotically (anti-de Sitter) solutions. Other applications of TFs in gravity can be found,
e.g, in Refs. [23–28].
III. ISSUES ABOUT THE TENSORIAL TRANSLATION
A. The problem
As it has been reviewed in the previous section, given two pseudo-Riemannian manifoldsM2p and M¯2p of dimension
2p, the Chern-Weil theorem states that:
E2p (Ω)− E2p(Ω¯) = dT (2p−1) , (3.1)
where E2p (Ω), E2p(Ω¯) are the topological terms defined by (2.9,2.10) and where T (2p−1) is the transgression form
defined by (2.13), which depends on the connections ω and ω¯ through the Lorentz covariant objects ΩAB, Ω¯AB and
θ¯AB (see Eqs. (2.14-2.16)). The l.h.s. of (3.1) can be translated rightaway into tensorial language as
E2p (Ω)− E2p(Ω¯) = 1
2p
δµ1...µ2pα1...α2p
[√−g Rα1α2µ1µ2 · · ·Rα2p−1α2pµ2p−1µ2p −√−g¯ R¯α1α2µ1µ2 · · · R¯α2p−1α2pµ2p−1µ2p ] d2px , (3.2)
i.e., it can be written as an expression depending only on spacetime tensorial objects such as gµν , g¯µν , R
α
γµν and
R¯αγµν . The translation can be easily made using the relations
ΩAB =
1
2
eAαe
B
β R
αβ
µνdx
µdxν , Ω¯AB =
1
2
e¯Aα e¯
BβR¯αβµνdx
µdxν , (3.3)
Rαβµν = g
βγRαγµν , R¯
αβ
µν = g¯
βγR¯αγµν ,
5which hold due to the tetrad postulates ωABµ = e
A
αe
BγΓαµγ + e
A
α∂µe
Bα and ω¯ABµ = e¯
A
α e¯
Bγ Γ¯αµγ + e¯
A
α∂µe¯
Bα , together
with the identities
εA1...A2pe
A1
µ1 · · · eA2pµ2p =
√−g εµ1...µ2p , εA1...A2p e¯A1µ1 · · · e¯A2pµ2p =
√−g¯ εµ1...µ2p ,
εµ1...µ2pε
ν1...ν2p = −δν1...ν2pµ1...µ2p , dxµ1 · · · dxµ2p = −εµ1...µ2pd2px , (3.4)
with d2px = dtdrdφ1 . . . dφ2p−2 and δ
ν1...ν2p
µ1...µ2p being the generalized Kronecker delta defined as the determinant of the
2p× 2p matrix (δνrµs) with r, s = 1, . . . , 2p .
On the other hand, a complete translation in terms of spacetime tensors only of the r.h.s of (3.1) is not possible
working with M and M¯ only. Indeed, the only thing that can be shown is that
d[T (2p−1)(θ¯,Ω, Ω¯)] = ∂µ[vµ(θ¯,Ω, Ω¯)]d2px ,
where vµ is a spacetime vector density which depends on Γ, Γ¯ but also on e, e¯ : vµ = vµ(e,Γ, e¯, Γ¯) and, in general,
there is no way to get rid of the vielbeins.
For example, in D = 2, the l.h.s. of Eq. (2.12) is given by (
√−gR − √−g¯R¯ )d2x , while the r.h.s. is given by
∂µv
µd2x where vµ is the following vector density1
vµ = −εABεµν θ¯ABν = −εABεµν
(
ωABν − ω¯ABν
)
= −εABεµν
[(
eAαe
BγΓανγ − e¯Aα e¯BγΓ¯ανγ
)
+
(
eAα∂νe
Bα − e¯Aα∂ν e¯Bα
)]
,
(3.5)
where θ¯ABν = ω
AB
ν − ω¯ABν are the components of the one-form θ¯AB and where we have used the tetrad postulate
in the last equality. Thus vµ = vµ(e,Γ, e¯, Γ¯) and there is at first sight no way to completely translate d[T (1)(θ¯)] to
tensorial language2. One may orient the corresponding vielbeins such that the e−1∂e (inhomogeneous) terms vanish
[29]. However, even in that case, the resulting expression cannot be written in terms of ∆αµν , defined as
∆αµν ≡ Γαµν − Γ¯αµν . (3.6)
Indeed the factor (eeΓ− e¯e¯Γ¯), which then captures the structure of vµ, cannot be transformed into a expression of the
type ee(Γ− Γ¯) which would transform it in a spacetime tensor density because, as we show in the next subsection, e
and e¯ are different and hence cannot be related by a local Lorentz rotation.
B. Lorentz versus spacetime tensors
Consider a pair of D-dimensional pseudo-Riemannian manifolds
{M,M¯} endowed respectively with the metrics
{ gµν , g¯µν } and where
{
Γαµν , Γ¯
α
µν
}
are the corresponding Christoffel symbols. Also choose a mapping σ between these
manifolds allowing us to use the same coordinates xµ for each point P ∈ M and P¯ = σ (P ) ∈ M¯ . This choice is
always possible and, as a consequence, a coordinate transformation x′µ = x′µ (xν) in M induces the same coordinate
transformation in M¯. This means that if Pµ1µ2...ν1ν2... and P¯µ1µ2...ν1ν2... are tensors defined respectively on M and M¯, then
their linear combinations aPµ1µ2...ν1ν2... + bP¯
µ1µ2...
ν1ν2... are also true tensors, because the Jacobian matrices are the same,
aP ′ µ1...µpν1...νq (x
′) + b P¯ ′ µ1...µpν1...νq (x
′) =
∂x′µ1
∂xα1
· · · ∂x
′µp
∂xαp
∂x′β1
∂xν1
· · · ∂x
′βq
∂xνq
(
aP
α1...αp
β1...βq
(x) + b P¯
α1...αp
β1...βq
(x)
)
. (3.7)
Thus, we can deal with linear combinations of tensors, defined on different manifolds, that are simultaneously spacetime
tensors on both manifolds. Among those tensors we have, e.g.,
Yµν = agµν + bg¯µν , a, b being arbitrary constants,
∆αµν = Γ
α
µν − Γ¯αµν , (3.8)
as well as derived quantities, such as ∆αβµ = g
βν∆αµν and ∇µ∆αβν .
1 The quantity vµ is indeed a vector density because, for spacetime transformations, θ¯ABν is a covariant vector while ε
µν is a contravariant
tensor density. It is also clear that for Lorentz transformations vµ behaves as an invariant because εAB is a Lorentz covariant tensor or
rank 2, while θ¯ABν is a contravariant tensor of rank 2.
2 However, as shown in Appendix C, a version of the Chern-Weil theorem which is free of vielbeins can be formulated in the particular
case D = 2 using the fact that in this dimension all the metrics are conformally equivalent.
6A similar analysis can be done in the vielbein formulation, where the analogs of (3.8) are3
EA = aeA + be¯A , a, b being arbitrary constants,
θ¯AB = ω
A
B − ω¯AB . (3.9)
We recall that by definition the Lorentz tensors ηAB and εA1...AD are the same for both manifolds and thus we have,
for example,
ωAB = ηBCωAC , Ω
AB = ηBCΩAC , ω¯
AB = ηBC ω¯AC , Ω¯
AB = ηBCΩ¯AC . (3.10)
In particular, we recognize that the one-form θ¯AB = ηBC θ¯AC is the one appearing as a fundamental object in the
definition of the transgression form T (2p−1) (θ¯,Ω, Ω¯) given in (2.13).
Now, the question is to determine in which cases a local Lorentz-invariant quantity, constructed with the Lorentz-
covariant objects
{ ηAB, εA1...AD , eA, e¯A, EA,ΩAB, Ω¯AB, θ¯AB } , (3.11)
can be written in terms of the spacetime quantities
{ εµ1...µD , gµν , g¯µν , Yµν ,∆αµν } , (3.12)
knowing that the following identities hold (see Eqs. (2.2) and (2.8))
εA1...ADe
A1
µ1 · · · eADµD =
√−g εµ1...µD , (3.13)
εA1...AD e¯
A1
µ1 · · · e¯ADµD =
√−g¯ εµ1...µD , (3.14)
ωABµ = e
A
αe
BγΓαµγ + e
A
α∂µe
Bα , ω¯ABµ = e¯
A
α e¯
BγΓ¯αµγ + e¯
A
α∂µe¯
Bα , (3.15)
and that, as shown in Appendix D, the vielbeins are related by
eA = KAB e¯
B , (3.16)
where K = KAB (x) is not a Lorentz rotation (i.e., K
T ηK 6= η ) because e and e¯ are inequivalent as they describe
different geometries.
The Euler terms E2p (Ω) and E2p
(
Ω¯
)
in Section III A are examples where a complete translation is possible. They
depend only on εA1...A2p and the curvatures Ω
AB and Ω¯AB. Thus, the use of (3.13-3.15) allows us to translate these
Euler terms in tensorial expressions free of Lorentz indices. On the other hand, in the same section, we have found
problems to translate in tensorial language the exterior derivative of the transgression form T (2p−1) (ω, ω¯) defined in
(2.13), which depends on the object (written here, for visual simplicity, in the case the vielbeins are properly oriented)
θ¯AB = ηBC θ¯AC =
[
eAαe
BγΓαµγ − e¯Aα e¯BγΓ¯αµγ
]
dxµ . (3.17)
A factorization of a same type of vielbeins from θ¯AB would allows us to write dT (2p−1) (ω, ω¯) in terms of the tensorial
quantities (3.12) only, by means of the identities (3.13-3.15). However, using (3.16) in (3.17) we get
θ¯AB =
[
eAαe
BγΓαµγ − ηBE
(
K−1
)A
C
KDEe
C
α e
γ
DΓ¯
α
µγ
]
dxµ , (3.18)
which shows that, even when expressing e¯ in terms of K and e, we cannot factorize the vielbeins e. Thus, one must
discard the use of the object θ¯AB in the Lorentz covariant constructions that can be written in tensorial way4.
From the previous analysis, it is therefore clear that working only with the manifolds M and M¯ is not sufficient to
express the CW theorem in tensorial language. In the next section we will introduce a hybrid manifold which will do
the job.
3 Indeed, using (2.3) and (2.4) is easy to show that under a Lorentz transformation E′A = ΛABE
B and θ¯′AB = Λ
A
CΛ
D
B θ¯
C
D .
4 As another example, consider the Lorentz invariant quantitiy EAEBηAB , where E
A is given in (3.9) and where a tensorial product is
assumed between EA and EB . Using (3.16) we obtain
EAEBηAB =
(
a2gµν + ab
(
eAµ e
D
ν + e
A
ν e
D
µ
) (
K−1
)B
D
ηAB + b
2eCµ e
D
ν g¯CD (x)
)
dxµdxν ,
where we have also used the relation g¯CD (x) =
(
K−1
)A
C
(
K−1
)B
D
ηAB found in Eq. (D7) of the Appendix D. We see that there is no
direct way to write EAEBηAB in terms of the tensorial objects (3.12), i.e., as an expression free of vielbeins. Thus, one should also
discard the object EA from the Lorentz covariant constructions that can be fully translated to tensorial language.
7IV. A TENSORIAL CHERN-WEIL THEOREM
A. The hybrid manifold M˘
Let us define the one-form ω˜AB as
ω˜AB = ω˜
A
µBdx
µ ≡ (eAαeγBΓ¯αµγ + eAα∂µeαB) dxµ . (4.1)
A direct calculation shows that the transformation law of this object under a local transformation y′A = ΛABy
B is
the same as Eq. (2.4). Thus, ω˜ is a spin connection allowing to define consistently the covariant derivative of any
Lorentz tensor5. This connection has been recently introduced in Ref. [13] and it has been named hybrid connection
because it depends on objects that belong to different spaces: the vielbein e associated with the manifold M and the
Christoffel symbol Γ¯ of the manifold M¯.
As a consequence, the difference between ωAB = ηBCωAC and ω˜
AB = ηBC ω˜AC is related with the tensorial object
∆αµγ = Γ
α
µγ − Γ¯αµγ defined in (3.8) as follows
θ˜AB ≡ ωAB − ω˜AB = eAαeBβ∆αβµ dxµ , with ∆αβµ = gβγ∆αµγ . (4.2)
The fact that two vielbeins of the same type can be factorized from θ˜AB (just as it happens, e.g., for ΩAB =
1
2e
A
αe
B
β R
αβ
µνdx
µdxν) is crucial to find a tensorial formulation of the Chern-Weil theorem. For example, in the two
dimensional case, if we replace the general connection ω¯ by ω˜ in the r.h.s of Eq. (2.12) and use the identity (3.13) we
get,
d[T (1)(θ˜)] = d(εAB θ˜AB) = d
(
εABe
A
αe
B
β∆
αβ
ν dx
ν
)
= ∂µk
µ
(1)d
2x , (4.3)
where
kµ(1) =
√−gδµναβ∆αβν (4.4)
is a vector density that depends on the tensorial quantities (3.12) only: It is the Katz vector density [12] in 2 dimensions.
Before showing how the l.h.s. of Eq. (2.12) would be modified if we change ω¯ by ω˜, a study of the geometric
properties of the hybrid connection is needed.
As shown in the Appendix E, ω˜AB is not antisymmetric, hence the associated manifold M˜ is not metric compatible.
On the other hand, the antisymmetrized object ω˘ABµ = ω˜
[AB]
µ has all the required properties to define a Riemannian
manifold M˘ (see Appendix E for demonstrations): it transforms as a Lorentz spin connection and is such that two
vielbeins of the same type can be factorized from the difference between ωAB and ω˘AB, that is
θ˘AB ≡ ωAB − ω˘AB = eAαeBβ∆[αβ]µ dxµ , with ∆αβµ = gβγ∆αµγ . (4.5)
Therefore, we introduce the antisymmetric hybrid spin connection
ω˘AµB ≡ ηBC ω˜[AC]µ =
1
2
ηBC
(
eAαe
CγΓ¯αµγ − eCα eAγ Γ¯αµγ + eAα∂µeCα − eCα∂µeAα
)
, (4.6)
which can be associated with an auxiliary manifold M˘ with metric g˘µν , affine connection Γ˘αµγ and vielbein e˘A satisfying
the basic relations
g˘µν = e˘
A
µ e˘
B
ν ηAB , (4.7)
ω˘AµB = e˘
A
α e˘
γ
BΓ˘
α
µγ + e˘
A
α∂µe˘
α
B . (4.8)
Thus, Eq. (4.8) ensures that the Lorentz curvature and the torsion two-forms
Ω˘AB = dω˘
A
B + ω˘
A
C ω˘
C
B =
1
2
Ω˘ABµνdx
µdxν , T˘A ≡ D˘e˘A = 1
2
T˘Aµνdx
µdxν ,
5 For example, if a Lorentz vector V A transforms as V ′A = ΛA
′
BV
B , then the covariant derivative D˜V A = dV A + ω˜ABV
B transforms as
a vector too, i.e., D˜′V ′A = ΛA
′
BD˜V
B .
8are related with the Riemann and torsion tensors R˘αβµν = ∂µΓ˘
α
βν − . . . and T˘ λµν = Γ˘λµν − Γ˘λνµ by
Ω˘ABµν = e˘
A
α e˘
β
BR˘
α
βµν and T˘
A
µν = e˘
A
λ T˘
λ
µν .
We notice also that the Bianchi identities D˘Ω˘AB = 0 and D˘T˘
A = Ω˘AB e˘
B are satisfied. Now, writing Eq. (4.6) as
ω˘ABµ = e˘
A
α ∇˘µe˘Bα = −e˘Bα∇˘µe˘Aα ,
and using that by construction ω˘ABµ = −ω˘BA we obtain e˘Bα∇˘µe˘Aα = e˘Bα ∇˘µe˘Aα which holds if and only if ∇˘µg˘αβ = 0.
Consequently, the manifold M˘ is metric compatible and imposing torsionless condition we can ensure that Γ˘αµγ in
(4.8) is the Christoffel symbol, namely Γ˘αµγ = Γ˘
α
µγ (g˘, ∂g˘).
It is worth to point out that, usually, one considers the torsionless condition de˘A+ω˘AB e˘
B = 0 as a set ofD2 (D − 1) /2
algebraic equations to solve the D2 (D − 1) /2 components of the spin connection ω˘AµB in terms of the vielbein, namely
ω˘AµB = ω˘
A
µB (e˘, ∂e˘). Here we have the inverse problem. Given a set of functions ω˘
A
µB that transform as a spin connection
and that are calculated from the definition (4.6), we use ω˘AµB = ω˘
A
µB (e˘, ∂e˘) as a set of partial differential equations
to determine the vielbein e˘Aµ , at least up to a Lorentz rotation. Having solved for the vielbein, we can determine
the metric g˘µν = e˘
A
µ e˘
B
ν ηAB and the Christoffel symbol Γ˘
α
µγ = Γ˘
α
µγ (g˘, ∂g˘). Then, one can check that Eq. (4.8) is a
consistency relation which must be satisfied6.
As an example, let us consider the case where MD and M¯D are static spherically symmetric spacetimes, with
metrics given by
ds2 = −f2 (r) dt2 + 1
h2 (r)
dr2 + r2γnmdx
ndxm , ds¯2 = −f¯2 (r) dt2 + 1
h¯2 (r)
dr2 + r2γnmdx
ndxm , (4.9)
with xn = φ1, . . . φD−2 and γnm is the metric of a (D − 2)-dimensional maximally symmetric space. It is direct to
show that the manifold M˘D has a metric
ds˘2 = −f˘2 (r) dt2 + 1
h˘2 (r)
dr2 + r2γnmdx
ndxm ,
where
h˘ = − 1
2 (D − 2)
(
1
rh
γnmΓ¯rnm − rhΓnnr
)
, f˘ =
∫
f¯ ′
2h˘
(
f h
f¯
+
f¯ h¯2
f h
)
dr ,
Thus, one can calculate the Christoffel symbol Γ˘αµγ (g˘, ∂g˘), spin connection ω˘
A
µB and vielbein e˘
A
µ associated with this
metric to show that, consistently, the tetrad postulate (4.8) is satisfied. It is also worth to mention that the integration
constant that appear after solving the differential equation for f˘ can be easily fixed by demanding that M˘ → M¯D
when MD → M¯D. In the more specific case where D = 4 and MD , M¯D are respectively the Schwarzchild and
Minkowski metrics one gets
ds˘2 = −dt2 +
(
1− 2Mr
)
(
1− Mr
) dr2 + r2(dθ2 + sin2 dφ2) .
Having shown that M˘ is not a new independent manifold, because its geometry can be completely characterized
with the geometric quantities of M and M¯, we are now able to give a tensorial version of the CW theorem.
B. Chern-Weil theorem for the hybrid manifold
Given a pair of pseudo-Riemannian manifolds (M,M¯) the hybrid connection ω˘ defined in Eq. (4.6) allows to
construct a third auxiliary pseudo-Riemannian manifold M˘ whose geometry is completely determined in terms of
6 A similar situation occurs in tensorial language. Given the metric tensor g˘µν the metricity condition ∇λg˘µν = 0 represents a set of
D2 (D + 1) /2 algebraic equations to solve the D2 (D + 1) /2 components of a torsionless connection Γ˘λµν , which is symmetric in µν. The
inverse process would be: Given a set of functions Γ˘λµν that transform as an affine connection, the metricity condition can be regarded as
a set of partial differential equations to determine g˘µν . Integrability is ensured by the fact that the symmetric connection Γ˘λµν allows to
calculate the Riemann tensor R˘αβµν = ∂µΓ˘
α
βν − . . . which characterizes univocally the geometry of a pseudo-Riemannain manifold M˘.
Therefore, the metric g˘µν for which Γ˘λµν (g˘, ∂g˘) is the Christoffel symbol can always be determined (up to a coordinate transformation).
9the first two, namely M˘ = M˘(M,M¯) . Considering first the two-dimensional case, the Chern-Weil theorem for the
manifolds M and M˘ reads
E2 (Ω)− E2(Ω˘) = d[T (1)(θ˘)] , (4.10)
where E2 (Ω) = εABΩAB , E2(Ω˘) = εABΩ˘AB , T (1)(θ˘) = εAB θ˘AB , θ˘AB = ωAB − ω˘AB . The l.h.s. of (4.10) can be
easily written in terms of tensorial objects ofM and M˘ while the translation of the r.h.s. using the tetrad postulates
for ω and ω˘ only is problematic (see Eq. (3.5) of the Section III A). On the other hand, if we use the definition of the
hybrid connection ω˘ given by Eq. (4.6), the r.h.s. of (4.10) can be written as a tensorial expression with respect to
the pair (M,M¯) instead of (M,M˘). Indeed, we have
d[T (1)(θ˘)] = d(εAB θ˘AB) = d(εABeAαeBβ∆αβν dxν) = ∂µkµ(1)d2x , (4.11)
where kµ(1) =
√−gδµναβ∆αβν is the Katz vector density in 2 dimensions. Thus, Eq. (4.10) reads(√−gR−√−g˘ R˘) d2x = ∂µkµ(1)d2x .
Denoting by E2 [M] = √−gRd2x and E2[M˘] =
√−g˘R˘ d2x the tensorial expression for the topological terms associated
with M and M˘, and denoting by kµ(1)
[M,M¯] the vector density (4.4) which depends on the tensorial objects of
M and M¯, the tensorial version that we have obtained for the Chern-Weil theorem has the following schematical
structure,
E2 [M]− E2[M˘(M,M¯)] = ∂µ(k
µ
(1)
[M,M¯])d2x . (4.12)
This result can be extended for any pair of given 2p-dimensional Riemannian manifolds (M,M¯). After constructing
the auxiliary manifold M˘ with the hybrid connection (4.6) the Chern-Weil theorem for the pair (M,M˘(M,M¯)) is
given by
E2p (Ω)− E2p(Ω˘) = d[T (2p−1)(θ˘,Ω, Ω˘)] , with θ˘AB ≡ ωAB − ω˘AB , (4.13)
where
E2p (Ω) ≡ εA1...A2pΩA1A2 · · ·ΩA2p−1A2p =
1
2p
√−gδµ1...µ2pα1...α2pRα1α2µ1µ2 · · ·Rα2p−1α2pµ2p−1µ2p d2px ,
E2p(Ω˘) ≡ εA1...A2pΩ˘A1A2 · · · Ω˘A2p−1A2p =
1
2p
√
−g˘δµ1...µ2pα1...α2pR˘α1α2µ1µ2 · · · R˘α2p−1α2pµ2p−1µ2p d2px , (4.14)
are the corresponding Euler terms and
T (2p−1)(θ˘,Ω, Ω˘) = p
∫ 1
0
dtεA1...A2p θ˘
A1A2ΩA3A4(t) · · · Ω
A2p−1A2p
(t) (4.15)
is the transgression form with ΩAB(t) = dω
AB
(t) + ω
A
(t)Cω
CB
(t) and ω
AB
(t) = ω˘
AB + tθ˘AB is a connection which interpolates
between ω˘AB and ωAB.
From the different alternative expressions that the interpolating curvature may have (see (2.14-2.16)),
ΩAB(t) = Ω
AB + (t− 1)Dθ˘AB + (t− 1)2 θ˘AC θ˘CB (4.16)
is useful to translate the exterior derivative of the transgression (4.15) to tensorial language. Indeed, using Eq. (4.5),
the relation gγλ = ηCDe
C
γ e
D
λ and
Dθ˘AB = Dµθ˘
AB
ν dx
µdxν = eAαe
B
β∇µ∆[αβ]ν dxµdxν , with ∆αβµ = gβγ∆αµγ , (4.17)
which can be proved using the tetrad postulate plus the torsionless condition, we get
ΩAB(t) = e
A
αe
B
β
(
1
2
Rαβµν + (t− 1)∇µ∆[αβ]ν + (t− 1)2 gγλ∆[αγ]µ ∆[λβ]ν
)
dxµdxν . (4.18)
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Thus, vielbeins of the same type can be factorized from θ˘A1A2 and each interpolating curvature in (4.15) so the use
of the identity (2.8) allows to write
d[T (2p−1)(θ˘,Ω, Ω˘)] = ∂µkµ(p)d2px , (4.19)
where
kµ(p) =
√−g p
∫ 1
0
dt δµν2...ν2pα1...α2p ∆
α1α2
ν2
(
1
2
Rα3α4ν3ν4 + (t− 1)∇ν3∆α3α4ν4 + (t− 1)2 gγ1λ1∆[α3γ1]ν3 ∆[λ1α4]ν4
)
× · · ·
· · · ×
(
1
2
Rα2p−1α2pν2p−1ν2p + (t− 1)∇ν2p−1∆α2p−1α2pν2p + (t− 1)2 gγpλp∆[α2p−1γp]ν2p−1 ∆[λpα2p−1]ν2p
)
(4.20)
is a vector density that is completely characterized by the manifolds M and M¯, i.e., kµ(p) = kµ(p)
[M,M¯]. Therefore,
the tensorial version of the CW theorem that we have constructed can be written as,
1
2p
√−g δµ1...µ2pα1...α2p
(
Rα1α2µ1µ2 · · ·Rα2p−1α2pµ2p−1µ2p − R˘α1α2µ1µ2 · · · R˘α2p−1α2pµ2p−1µ2p
)
d2px = ∂µk
µ
(p)d
2px , (4.21)
which has the following structure
E2p [M]− E2p[M˘(M,M¯)] = ∂µ(k
µ
(p)
[M,M¯])d2px , (4.22)
where E2p [M] and E2p[M˘] denotes the tensorial expression of the Euler terms (4.14).
Eq. (4.20-4.22) is the result we aimed at : to write the Chern-Weil theorem is terms of purely spacetime tensorial
quantities. As we have seen in detail, this requires the explicit introduction of a background manifold, M¯ whose role
is (1) to construct the spacetime tensors ∆ = Γ− Γ¯ which are essential in the definition of the vector kµ(p), see (4.20);
(2) to construct the manifold M˘ such that the divergence of the vector kµ(p) is the difference of the topological terms
of M and M˘.
In the case we choose M¯ to be a product manifold (whose metric can be written as ds¯2 = dr2 + h¯ij(xi)dxidxj so
that the extrinsic curvatures of the r = const hypersurfaces are zero) its topological term vanishes (see [10]), as well
as that of M˘ (for the same reasons, as can be easily shown from of the definition of the hybrid connection (4.6)). This
shows explicitely that the Einstein-Hilbert, Gauss-Bonnet and in general the Lovelock terms reduce, in the critical
dimension D = 2p, to the divergence of a vector density constructed with spacetime tensors, E2p[M] = ∂µkµ(p). If the
product manifold M¯ is also cobordant, which means that a specific surface r = r0 coincides with the boundary ofM,
then the component kr(p) normal to the boundary coincides with Myers’ boundary term (see [13]). However, this does
not mean that there is no underlying structure, since the vector kµ(p) still depends explicitely on M¯. In the generic
case, the topological term of M˘ does not vanish and represents a topological obstruction to write the Euler term of
M as a divergence of the vector density kµ(p).
In all cases (whether M¯ is an arbitrary background or product manifold) the tensorial translation of the Chern-
Weil theorem requires the introduction of an the extra structure M¯. In fact this should not come as a surprise : for
example, Horndeski, in his proof [8] that E2p[M] ∝ ∂µV µ(p), where
V µ(p) = V
µ
(p)(gµν , R
µ
ναβ , U
µ,∇νUµ) , (4.23)
depends also on an extra structure, namely Uµ which is an arbitrary non-null contravariant vector (see the explicit
expression of V µ(p) in Appendix A).
V. FINAL REMARKS
Given two-pseudo Riemannian manifolds M and M¯ we have introduced an auxiliary manifold M˘ whose geometry
is completely determined by the first two and that allows to construct the tensorial version of the Chern-Weil theorem
(4.21). This expression states that the difference of the Euler terms of M and M˘(M,M¯) is the divergence of the
vector density (4.20) which is constructed with objects that are tensorial with respect to M and M¯.
As we will see in [30] (see also [13] for the Gauss-Bonnet case), the tensorial version of the CW theorem presented
in this work is the one that must be used (together with a dimensional continuation procedure) to generalize the
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procedure developed by Katz, Bicak and Lynden-Bell (KBL) [12],[31] to calculate conserved charges in a generic
Lovelock theory. There the manifolds M and M¯ are interpreted as the dynamical and background manifolds, while
the hybrid manifold M˘ is just an auxiliary manifold allowing us to write the KBL vector in the vielbein formalism
and to give a proof for the Dirichlet problem in Lovelock gravity.
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Appendix A: Myers’ terms from Horndeski divergences
Myers’ boundary terms [9] in the critical dimension D = 2p are given by
IMyers =
∫
∂MD
d2p−1xβ(p) ,
with
β(p) = −2
√
−h
∫ 1
0
dt δ
j1...j2p−1
i1...i2p−1
Ki1j1
(
1
2
Ri2i3j2j3 − t2Ki2j2Ki3j3
)
× · · · ×
(
1
2
Ri2p−2i2p−1j2p−2j2p−1 − t2K
i2p−2
j2p−2
K
i2p−1
j2p−1
)
= −2p
√
−h
[
1
2p+1
p−1∑
s=0
4p−s (p− 1)!
s! (2p− 2s− 1)!! δ
j1...j2p−1
i1...i2p−1
Ri1i2j1j2 · · ·R
i2s−1i2s
j2s−1j2s
K
i2s+1
j2s+1
· · ·Ki2p−1j2p−1
]
,
where Rijkl = Rijkl (h) is the intrinsic curvature of the boundary, Rijkl = Rijkl (g) are the boundary components of the
bulk curvature and the coefficients in the last equality comes after performing the integration in the parameter t
(further details can be found, e.g., in Ref. [15]). In particular, the double factorial is defined as
n!! =


n/2∏
k=1
(2k) , for n even ,
(n+1)/2∏
k=1
(2k − 1) , for n odd .
On the other hand, in Ref. [8] Horndeski has shown explicitely that in the critical dimensions the Lovelock densities
are given by a divergence, namely
2p
∫
MD
d2px E2p[M] =
∫
MD
d2px
√−g δµ1...µ2pν1...ν2p Rν1ν2µ1µ2 · · ·Rν2p−1ν2pµ2p−1µ2p =
∫
MD
d2px∂µV
µ
(p) , (A1)
with V µ(p) being the following vector density
V µ(p) =
√−g
p−1∑
k=0
Ck
ρk+1
δµµ1...µ2p−1νν1...ν2p−1 U
ν∇µ1Uν1 · · · ∇µ2k+1Uν2k+1Rν2k+2ν2k+3µ2k+2µ2k+3 · · ·Rν2p−2ν2p−1µ2p−2µ2p−1 ,
where ρ = UµU
µ, C0 = −4p and
Ck = −4k+1p
k−1∏
q=0
(
p− q − 1
2q + 3
)
.
Here we show that if we use a radial foliation, with Gauss normal coordinates given by ds2 = dr2+hij
(
r, xi
)
dxidxj
and if we chose the arbitrary vector Uµ to be the normal vector of the surfaces r = const, namely Uµ =
(
1,
−→
0
)
, then
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the Eq. (A1) reproduces the Myers boundary term as∫
MD
d2px∂µV
µ
(p) = 2
pIMyers .
For doing so, we first write the Myers term as
2pIMyers = −p
∫
∂MD
d2p−1x
√
−h
p−1∑
s=0
4p−s (p− 1)!
s! (2p− 2s− 1)!! δ
j1...j2p−1
i1...i2p−1
Ri1i2j1j2 · · ·R
i2s−1i2s
j2s−1j2s
K
i2s+1
j2s+1
· · ·Ki2p−1j2p−1
=
∫
∂MD
d2p−1x
√
−h
[
−4p δj1...j2p−1i1...i2p−1 Ri1i2j1j2 · · ·R
i2s−1i2s
j2s−1j2s
K
i2s+1
j2s+1
· · ·Ki2p−1j2p−1
−
p−2∑
s=0
4p−sp (p− 1)!
s! (2p− 2s− 1)!! δ
j1...j2p−1
i1...i2p−1
Ri1i2j1j2 · · ·R
i2s−1i2s
j2s−1j2s
K
i2s+1
j2s+1
· · ·Ki2p−1j2p−1
]
. (A2)
Now, using the Gauss theorem in this radial foliation, we can write the Horndeski term as∫
MD
d2px∂µV
µ
(p) =
∫
∂MD
d2p−1xUµV
µ
(p) =
∫
∂MD
d2p−1xV r(p)
=
∫
∂MD
d2p−1x
√
−h
p−1∑
k=0
Ck δ
j1...j2p−1
i1...i2p−1
Ki1j1 · · ·K
i2k+1
j2k+1
R
i2k+2i2k+3
j2k+2j2k+3
· · ·Ri2p−2i2p−1j2p−2j2p−1 ,
where V r(p) has been calculated using ρ = 1, U
r = 1, δ
rj1...j2p−1
ri1...i2p−1
= δ
j1...j2p−1
i1...i2p−1
and ∇jU i = Kij. Rearranging the indices,
the Horndeski term can we rewritten as
∫
MD
d2px∂µV
µ
(p) =
∫
∂MD
d2p−1x
√
−h
p−1∑
s=0
Cp−s−1δ
j1...j2p−1
i1...i2p−1
Ri1i2j1j2 · · ·R
i2s−1i2s
j2s−1j2s
K
i2s+1
j2s+1
· · ·Ki2p−1j2p−1
=
∫
∂MD
d2p−1x
√
−h
[
−4p δj1...j2p−1i1...i2p−1 Ri1i2j1j2 · · ·R
i2p−3i2p−2
j2p−3j2p−2
K
i2p−1
j2p−1
p−2∑
s=0
Cp−s−1δ
j1...j2p−1
i1...i2p−1
Ri1i2j1j2 · · ·R
i2s−1i2s
j2s−1j2s
K
i2s+1
j2s+1
· · ·Ki2p−1j2p−1
]
, (A3)
where one can directly check that the first terms in (A2) and (A3) coincide, while the rest of the terms coincides
because
Cp−s−1 = −4p−sp
p−s−2∏
q=0
(
p− q − 1
2q + 3
)
= −4p−sp (p− 1)!
s! (2p− 2s− 1)!! . QED.
Appendix B: Transgression forms
Let G = {TM} be a Lie algebra and A = AMµ TMdxµ a Lie valued one-form gauge connection. This means that under
a gauge transformation characterized by a group element g = exp
(
gMTM
)
(the parameters gM being coordinates in
the Lie group manifold G) the connection transforms as
A→ gAg−1 + gdg−1 .
If Q is a r-form transforming as Q→ gQg−1 under a gauge transformation, then the covariant derivative with respect
to A is defined by DQ = dQ+ [A,Q] (with [ , ] being the commutator) and transforms as DQ→ g (DQ) g−1.
The strength field two-form is defined as F = dA + AA , where for shortness we omit the wedge product between
differential forms. Thus, by construction the strengh field transform as F → gFg−1 and satisfies the Bianchi identity,
DF = 0. It is also direct to show that the symmetrized trace of a given strength field power, denoted by 〈F p〉, is
invariant under gauge transformations. This can be directly shown using the properties of the symmetrized the trace
and the wedge product. Hence, 〈F p〉 is usually called a topological term.
13
A transgression form is defined by the Chern-Weyl theorem, which states that if A and A¯ are two gauge connections
valued on the same algebra with strength fields F and F¯ , then 〈F p〉 and 〈F¯ p〉 are closed forms, i.e.,
d 〈F p〉 = d 〈F¯ p〉 = 0 (B1)
and
〈F p〉 − 〈F¯ p〉 = dT (2p−1) (A, A¯) , (B2)
where
T (2p−1)
(
A, A¯
)
= p
∫ 1
0
dt
〈
θ¯F p−1t
〉
, (B3)
with θ¯ = A− A¯, Ft = dAt +AtAt and where At = A¯ + tθ¯ is a connection interpolating between A¯ and A. Eq. (B1)
states that both topological terms are closed forms, whilst Eq. (B2) tells that their difference is an exact form defined
in (B3) by the (2p− 1)-form T (2p−1), which is known as a transgression form.
In this construction, we frequently use the property d 〈Q〉 = 〈DQ〉 when Q is a covariant object transforming as
Q → gQg−1. Using D¯θ¯ = Dθ¯ − 2θ¯2 and F1 = F , the interpolating curvature can be written in the following three
alternative forms,
Ft = F¯ + tD¯θ¯ + t
2θ¯2 , (B4)
= F + (t− 1)Dθ¯ + (t2 − 2t+ 1) θ¯2 , (B5)
= tF + (1− t) F¯ − t (1− t) θ¯2 . (B6)
Let us consider now the case where the symmetry is given by the Lorentz algebra with generators {TM} = {JAB}
satisfying,
[JAB, JCD] = ηBCJAD − ηACJBD + ηADJBC − ηBDJAC . (B7)
In this case we have,
A =
1
2
ωABJAB , A¯ =
1
2
ω¯ABJAB , θ¯ =
1
2
θ¯ABJAB ,
F =
1
2
ΩABJAB , F¯ =
1
2
Ω¯ABJAB , (B8)
where ωAB and ω¯AB are two Lorentz spin connections and θAB = ωAB − ω¯AB. The topological terms can be written
as,
〈F p〉 = 1
2p
εA1...A2pΩ
A1A2 · · ·ΩA2p−1A2p = 1
2p
ε2p (Ω) ,〈
F¯ p
〉
=
1
2p
εA1...A2pΩ¯
A1A2 · · · Ω¯A2p−1A2p = 1
2p
ε2p
(
Ω¯
)
, (B9)
where εA1...A2p =
〈
JA1A2 · · · JA2p−1A2p
〉
and where ε2p (Ω) , ε2p
(
Ω¯
)
are called Euler topological terms. Using θ¯2 =
1
2 θ¯
A
C θ¯
CBJAB, which can be shown using (B7), the interpolating strength field Ft =
1
2Ω
AB
(t) JAB can be written in the
following alternative forms,
ΩAB(t) = Ω¯
AB + tD¯θ¯AB + t2θ¯AC θ¯
CB (B10)
= ΩAB + (t− 1)Dθ¯AB + (t− 1)2 θ¯AC θ¯CB (B11)
= tΩAB + (1− t) Ω¯AB − t (1− t) θ¯AC θ¯CB . (B12)
Thus, the transgression form is given by T (2p−1) (ω, ω¯) = 12p T (2p−1) (ω, ω¯), where
T (2p−1) (ω, ω¯) = p
∫ 1
0
dtεA1...A2p θ¯
A1A2ΩA3A4(t) · · · Ω
A2p−1A2p
(t) , (B13)
so the Chern-Weyl theorem for the Lorentz symmetry reads,
ε2p (Ω)− ε2p
(
Ω¯
)
= dT (2p−1) (ω, ω¯) . (B14)
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Appendix C: Tensorial version of the CW theorem in D = 2
In order to formulate the two-dimensional Chern-Weil theorem in tensorial language, one can use the fact that all
2-dimensional pseudo-Riemannian manifolds are conformally related. To do this, let us consider a given metric g
(0)
µν
and two functions u (xµ) and u¯ (xµ) such that the metrics of the manifolds M2 and M¯2 are given by
gµν = e
2ug(0)µν , g¯µν = e
2u¯g(0)µν . (C1)
A direct calculation of the Ricci tensors leads the following relation (in D = 2)
R(0)µν = Rµν + gµν u = R¯µν + g¯µν¯u¯ . (C2)
Using g(0)µν = e2ugµν = e2u¯g¯µν we obtain the following relation between the Ricci scalars,
R(0) = e2u (R+ 2 u) = e2u¯
(
R¯+ 2¯u¯
)
. (C3)
Thus, with the usual properties of the operators and ¯ the last relation can be equivalently written as,
R = −2 u+ e−2uR(0) = − 2√−g∂µ
(√−ggµν∂νu)+ e−2uR(0) ,
R¯ = −2¯u¯+ e−2u¯R(0) = − 2√−g¯ ∂µ
(√−g¯g¯µν∂ν u¯)+ e−2u¯R(0) . (C4)
Then, the difference of the topological terms
√−gRd2x and √−g¯R¯d2x is given by(√−gR−√−g¯R¯) d2x = [−2∂µ (√−ggµν∂νu−√−g¯g¯µν∂ν u¯)+√−ge−2uR(0) −√−g¯e−2u¯R(0)] d2x . (C5)
Finally, using the relations
√−g = e2u
√
−g(0) , √−g¯ = e2u¯
√
−g(0) ,
gµν = e
2U g¯µν , g¯
µν = e2Ugµν ,
√−g¯ = e−2U√−g , U = u− u¯ , (C6)
that can be easily derived from (C1), we get(√−gR −√−g¯R¯) d2x = −∂µvµd2px , (C7)
where
vµ = 2
√−ggµν∂νU . (C8)
Eq. (C7), with vµ given by (C8), represents a tensorial version of the Chern-Weil theorem which is free of objects
coming from the vielbein formalism and that depends only on the metrics gµν , g¯µν and the conformal factor U relating
the metrics ofM2 and M¯2 . Although this is an interesting result, which is valid for any given pair of manifoldM2 and
M¯2, a generalization to higher dimensions is not possible because the fact that all metrics are conformally equivalent
is an accident that happens only in D = 2.
A generalization to D = 2p might work only under the assumption that M2 and M¯2 are conformally equivalent.
We leave that problem for a possible future work.
Appendix D: Relation between vielbeins of different spaces
The orthotormal inverse vielbeins eµA at P ∈ MD and e¯µA at P¯ ∈ M¯D, can be defined by means of two different
coordinate transformations, one in P the other at P¯ ,
xµ = xµ
(
yA
)
and xµ = xµ
(
y¯A
)
, (D1)
so that the metrics in MD and M¯D become Minkowski at P and P¯ ,
eµAe
ν
Bgµν = ηAB , with e
µ
A (P ) =
∂xµ
∂yA
(P ) , (D2)
e¯µAe¯
ν
Bg¯µν = ηAB , with e¯
µ
A
(
P¯
)
=
∂xµ
∂y¯A
(
P¯
)
. (D3)
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The coordinates yA are y¯A must be different, otherwise we are lead to the contradiction gµν = g¯µν . However, the
existence of the maping σ introduced in Section III B implies that yA and y¯A are smoothly related. Indeed, using
that the relations (D1) are invertible, we can write
yA = yA (xµ) = yA
(
xµ
(
y¯B
)) ≡ yA (xµ, y¯B) . (D4)
In the last expression we wrote a explicitly a dependence on the coordinate xµ. The reason is that the relations
(D1) are not simple coordinate transformations made in a given patch of each manifold. They are rather one pair of
coordinate transformation for each couple of points
(
P, P¯
)
. As yA and y¯A are cartesian coordinates of two Minkowski
spaces tangent to the points P and P¯ (i.e., such that the metric in both cases is ηAB) we see that y
A must be a
linear, point dependent function of y¯A . Without loss of generality we can assume that is also homogeneous, namely
yA = KAB (x) y¯
B, so the vielbeins are related by
eA = KAB (x) e¯
B . (D5)
Thus, for any given pair of manifolds MD and M¯D , the matrix K can be directly solved from (D5) as
KAB (x) = e
A
µ (x) e¯
µ
B (x) .
Clearly, the matrix KAB (x) cannot be a Lorentz rotation, otherwise ds
2 and ds¯2 would coincide. To understand better
this result, we remark that in the coordinates yA , the metric of the Minkowski tangent space TP (MD) in P is given
by ηAB . If we use the coordinates y¯
A =
(
K−1
)A
B
(x) yB, then the metric of TP (MD) is given by
gAB (x) = K
C
A (x)K
D
B (x) ηCD 6= ηAB , (D6)
i.e., the Lorentz metric ηAB is not preserved because the considered coordinate transformation is not of the Lorentz
type. The same applies for the tangent space TP¯
(M¯D), whose metric in the coordinates y¯A is given by ηAB while in
coordinates yA = KAB (x) y¯
B it is given by,
g¯AB (x) =
(
K−1
)C
A
(x)
(
K−1
)D
B
(x) ηCD 6= ηAB . (D7)
As an example, for the case of static spherically symmetric manifolds with metrics,
ds2 = −f2 (r) dt2 + 1
h2 (r)
dr2 + r2dΩ2D−2 , ds¯
2 = −f¯2 (r) dt2 + 1
h¯2 (r)
dr2 + r2dΩ2D−2 , (D8)
we obtain,
K =
(
KAB
)
=

 f / f¯ 0 00 h¯ / h 0
0 0 δab

 ,
with a, b = 2, . . . , D − 1 . Thus, we see explicitly that KTηK 6= η unless f = f¯ and h = h¯.
Appendix E: Geometric properties of ω˜AB
Let us associate ω˜AB with an auxiliary manifold M˜ with metric g˜µν and affine connection Γ˜αµγ so that the vielbein
e˜A and the hybrid spin connection ω˜AB verify the usual relations
7
g˜µν = e˜
A
µ e˜
B
ν ηAB , (E1)
ω˜AµB = e˜
A
α e˜
γ
BΓ˜
α
µγ + e˜
A
α∂µe˜
α
B , (E2)
and allow to define the curvature and torsion two-forms as
Ω˜AB ≡ dω˜AB + ω˜AC ω˜CB , T˜A ≡ D˜e˜A . (E3)
7 We also choose a smooth mapping allowing us to use the same coordinates xµ for each point P ∈ MD and P˜ ∈ M˜D .
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A direct consequence of the definition (4.1) is that M˜ is not a metric compatible manifold, i.e., ∇˜g˜µν 6= 0 and thus Γ˜αµγ
is not the Christoffel symbol. To see this, we first notice that ω˜AB is not antisymmetric (or, equivalently D˜ηAB 6= 0).
Indeed, Eq. (4.1) can be written as ω˜ABµ = e
A
α∇¯µeBα = −eBα∇¯µeAα and using ∇¯λgµν 6= 0 (with ∇¯λ being the covariant
derivative with respect to Γ¯αµν ) one gets
8
ω˜ABµ = −eBα∇¯µeAα 6= −eBα ∇¯µeAα = −ω˜BAµ . (E4)
Similarly, Eq. (E2) can be rewritten as ω˜ABµ = e˜
A
α∇˜µe˜Bα = −e˜Bα∇˜µe˜Aα and then, using ω˜ABµ 6= −ω˜BAµ we have
e˜Bα∇˜µe˜Aα 6= e˜Bα ∇˜µe˜Aα ,
which clearly implies ∇˜g˜µν 6= 0.
The non metricity of M˜ does not necessarily represent a problem, because it can be thought just as an auxiliary
manifold allowing to translate Lorentz invariant expressions constructed with θ˜AB , to tensorial language. Then, is
necessary to show that M˜ carries no new independent information, i.e., that its geometry can be completely fixed in
terms of geometrical quantities ofM and M¯. Indeed, from the definition (4.1) the components ω˜AµB can be completely
solved in terms of geometrical quantities ofM and M¯ and plugging this in (E2) together with the torsionless condition,
Γ˜αµγ = Γ˜
α
γµ, one can solve the independent components of e˜
A
α and Γ˜
α
µγ . Even if this is a hard task, due to the big
number of unknown functions that must be solved when Γ˜αµγ is not the Christoffel symbol, it can always be done
9.
The real problem about the hybrid connection (4.1) is related with the definition of the curvature made in (E3).
Even if the Bianchi identities D˜Ω˜AB = 0 and D˜T˜
A = Ω˜AB e˜
B are satisfied, for
Ω˜AB ≡ ηBCΩ˜AC = dω˜AB + ω˜AC ω˜CB (E5)
we have instead
D˜Ω˜AB = dΩ˜AB + ω˜ACΩ˜
CB + ω˜BCΩ˜
AC =
(
D˜ηBC
)
Ω˜AC 6= 0 . (E6)
The reason is that the curvature Ω˜AB, as given by Eq. (E5), does not comes from the definition of a strenght field in
the fiber bundle formulation of gauge theories (a brief review was given in Appendix B). Briefly, this means that if the
hybrid gauge connection one-form is defined as A˜ = 12 ω˜
ABJAB, where JAB are the antisymmetric Lorentz generators
satisfying the commutation relations (B7), then its strenght field must be defined as
F˜ ≡ dA˜+ A˜A˜ = 1
2
Ω˜ABJAB , (E7)
which leads
Ω˜AB = dω˜[AB] + ηCDω˜
[AC]ω˜[DB] , with ω˜[AB] =
1
2
(
ω˜AB − ω˜BA) , (E8)
which is clearly different from (E5). Defined by (E8), Ω˜AB is antisymmetric by construction and it should be regarded
as the strenght field for ω˜[AB] rather than ω˜AB. Indeed, it is direct to show that under a Lorentz transformation
ω˜[A
′B′]
µ = Λ
A′
CΛ
B′
Dω˜
[CD]
µ + η
CDΛA
′
C∂µΛ
B′
D ,
and thus, ω˜[AB] is also a well-defined Lorentz connection. In addition, the Bianchi identity comming from the gauge
formulation is then given by D˜F˜ ≡ dF˜ + [A˜, F˜ ] = 0 (where D˜ denotes the covariant derivative with respect to the
gauge field A˜ ), and leads
D˜Ω˜AB = dΩ˜AB + ηCDω˜
[AC]Ω˜[DB] + ηCDω˜
[BC]Ω˜[AD] = 0 . (E9)
8 The fact that ω˜AB is not antisymmetric holds even in the case where MD and M¯D are static spherically symmetric spacetimes with
metrics (D8). In that case Eq. (4.1) leads, for example, ω˜00 = −ω˜
00 =
(
f¯ ′/f¯ − f ′/f
)
dr which does not vanish unless MD and M¯D
coincide.
9 Due to the invariance under Lorentz rotations, there are only D (D + 1) /2 independent components in the vielbein e˜Aα , which are the
same that characterize the metric gµν . For the affine connection Γ˜αµγ , which is not the Christoffel symbol, the tosionless condition
implies that there may be up to D2 (D + 1) /2 independent components more. They give a total of D (D + 1)2 /2 independent functions
which can always be solved with the D3 independent equations (E2).
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To avoid antisymmetrization brackets, we can define the antisymmetric hybrid spin connnection as10
ω˘ABµ ≡ ω˜[AB]µ =
1
2
(
eAαe
BγΓ¯αµγ + e
A
α∂µe
Bα − eBα eAγΓ¯αµγ − eBα∂µeAα
)
. (E10)
The strenght field F˘ = dA˘+ A˘A˘ = 12 R˘
ABJAB associated with the gauge connection A˘ =
1
2 ω˘
ABJAB lead the following
definition for Lorentz curvature two-form Ω˘AB ≡ dω˘AB + ω˘AC ω˘CB , with ω˘AB = ηBC ω˘AC , while the Bianchi identity
DˇF˘ ≡ dF˘ + [A˘, F˘ ] = 0 reads D˘Ω˘AB = dΩ˘AB + ω˘ACΩ˘CB + ω˘BCΩ˘AC = 0 . Using Ω˘AB ≡ ηBCΩ˘AC leads the usual
expression for the Lorentz curvature
Ω˘AB = dω˘
A
B + ω˘
A
C ω˘
C
B , (E11)
and then the Bianchi identity can also be written as D˘Ω˘AB = 0, because D˘ηAB = 0 due to the fact that ω˘ is
antisymmetric by construction.
Due to the antisymmetry of the Lorentz generators JAB one sees that A˘ = A˜ and F˘ = F˜ . Thus, the introduction
of (E10) can be thought just as a change of notation that allows to write the expressions (E11) which is free of
antisymmetrization brackets. However, in Section IV this notation has proved to be very useful to determine the
geometrical properties of the auxiliary pseudo-Riemannian manifold M˘ that allowed us to give a tensorial formulation
of the CW theorem.
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